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* Review last class
» Midterm Exam November 15 covers
material on differential equations and
Laplace transforms (no phase plots)
* Overview of numerical solutions
— Initial value problems in first-order
equations
— Systems of first order equations and initial
value problems in higher order equations
— Boundary value problems
— Stiff systems and eigenvalues

Calbiforni State University
Nnrlhlritlge

Review Last Class

» Phase plots, critical points, and stability

» Look at system of two linear
homogenous, autonomous equations
—dy/dt = Ay (no function of time)

* Critical points and stability depend on
matrix eigenvalues which depend on
determinant properties

» Described various critical points: node,
center, saddle point and spiral

Cabiforni State Unhersity
Nnrthlridge

Numerical Analysis Problems

« Numerical solution of algebraic
equations and eigenvalue problems

« Solution of one or more nonlinear
algebraic equations f(x) =0

« Linear and nonlinear optimization

» Constructing interpolating polynomials

* Numerical quadrature

* Numerical differentiation

* Numerical differential equations

Calbiforni State University
Nnrthlridge

Interpolation

+ Start with N data pairs x;, y;

 Find a function (polynomial) that can be
used for interpolation

« Basic rule: the interpolation polynomial
must fit all points exactly

* Denote the polynomial as p(x)
* The basic rule is that p(x;) =y,
» Many different forms

Cabiforni State Unhersity
Nnrthlridge

Newton Polynomials

ME 501A Seminar in Engineering

Analysis

* P(X) = ag + a;(X — Xg) + ay(x = X)(x — Xy)
+ ag(X — Xg)(X = X)) (X = X,) + ...
+ a1 (X = X)X = X)(X = Xp) ... (X = Xp0)
—n -1 data points numbered 0 to n — 2

 Terms with factors of x — x; are zero
when x = X;
—Have p(x) =y;tofinda,i=0ton-1

* A =Yo, a1 = (Y1 Yo) / (X1 = Xo)

* Yo =89+ ay(Xy — Xo) + 8x(Xo — Xo)(Xp — Xy)
— Solve for a, using results for a; and a;

Calbiforni State University
Nnrthlridge
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Newton Polynomials Il

November 6, 2017

e Yo = Ay + (X — Xg) + ax(Xy — Xo)(Xp — Xq)
Yi—
Yo = Yo~
_Yo—a—a (X —%) _ X -x
(Xzfxo)(xzfxl) (Xz 7Xo)(X27X1)
» Could continue in this fashion to
determine coefficients from data
» Use alternative scheme — not derived
here — known as divided difference
table to compute a, from same data

0 (Xz - Xo)
0

2

Cabiforrsin State Lnfersity
Northridge

Divided Difference Table

 Enter data on x; and y; in rows of table
skipping one row between entries

* Start with y, data as zeroth divided
difference

* First divided difference, F, = (V.1 — Vi) /
(Xir1 = X))
— Second (or later) divided difference is

difference of first (or later) differences

— g coefficients are initial divided differences

Calrforrsi Sate Unfversity 8
Northridge

Divided Difference Table

Divided Difference Example

X Yo =l
0
F,=—"—" |¢«a
0 %X 1 -
X Y1 S e [T
= X=X S5
F=22_21 T,=—t ¢
t X, =X i — i Xy =X
X2 Y2 =2t T 4
Xq =X,
A e
X3 =X E—F X=X
X3 Y3 S =2
TalSforroe Shale ersty Y, Y. aa
Northridge F;= XA _ X3 9

0 0 |<«a
F0=71070=1 «a,
10-0
10 |10 e il glca,
40-10 " 20-0
F = -3 I :.15—‘1:717
20-10 S N B
20 |40 _ 63 _ 15 Ta,
' 30-10
—100-40 _
1" 30-20
30 (100
Northeidge E

Divided Difference Example Il

+ Divided difference table gives a, = 0, a;
=1,a,=.1, and az; = 1/600

» Polynomial p(x) = ag + a;(Xx — Xg) + a,(x
= Xo)(X = Xq) + 85(X = Xo)(X = X;)(X = Xy)
=0+1(x-0)+0.1(x-0)(x— 10) +
(1/600)(x — 0)(x — 10)(x —20) = x +
0.1x(x — 10) + (1/600)x(x — 10)(x — 20)

» Check p(30) = 30 + .1(30)(20) + (1/600)
(30)(20)(10) = 30 + 60 + 10 = 100 (correct)

Californin State [ niversity 1
Northridge

Start at Any Point in Data Table

X1 Y

Xo Yo |€ o

= Yo «a,
X=X
X1 Y1 So = Foh |ea,
X2 =%
F1=yz_Y1 T0:51*50
X, — X, =k
F=F
X Y2 v S, :7; _Xl Tag
— Yo ul

ME 501A Seminar in Engineering
Analysis

Calsfornsa Siale [nfversity V.
Northridge =
Xo =X

Page 2



Basic Concepts in Numerical Analysis

Difference Example from x = 10

T e 260—166
= — =10 13
Northridgé, 20-30

November 6, 2017

0 |0 Final data point
not shownis x —
=40,y =200
10 |10 |<«a
L A0-10 a,
20-10
20 |40 4 68 _ika,
10040 e W5=15 1
b Tl ]
A= 20° -6 % 40-10 60
30 |100 S, = =1 T a,
40-20 5

Divided Difference Calculation Il

« Divided difference table gives a, = 10,
a, = 3, a,=.15, and a; = 1/600

» Polynomial p(x) = a, + a;(X — X;) + a,(X
= Xo)(X = Xq) + @5(X = Xo)(X = X1 )(X = Xy)
=10 + 3(x—10) + 0.15(x — 10)(x — 20) +
(1/600)(x — 10)(x — 20)(x — 30) = x +
0.1x(x — 10) + (1/600)x(x — 10)(x — 20)

» Check p(40) = 10+3(30)+.15(30)(20) +

(1/600)(40)(30)(20)=10+90+90+10=200,

Califormia State University
Northridge

Divided Difference Code

i = i <
DLOILi]1 = y[il;
k

-h
o
=
~
- ||

1

= <n-—Kkj; i++)
DIK1Li] = ( D[k-1][i+1] —
DLk-11L11 > /7 ( x[i+k] — x[i] );

 DIK][i] is it value of kt" divided difference
» Code for n data points (0 to n—1)

0;

Californin State [ niversity 15
Northridge

Constant Step Size

« Divided differences work for equal or
unequal step size in x

 If Ax = h is a constant we have simpler
results
—Fe=Ay/h = (Yr — YI/0
=Sy = A%, /207 = (Yyup — 2¥ig + Y1202
=Ty = A% 6N° = (Vi — Yz + 3Yier — V)60
— A"y, is called the nt forward difference
— Can also define backwards and central

differences

Calrforrsi Sate University 16
Northridge

Interpolation Approaches

* When we have N data points how do we

interpolate among them?

— Order N-1 polynomial not good choice

— Use piecewise polynomials of lower order
(linear or quadratic)

— Can match first and or higher derivatives
where piecewise polynomials join

— Cubic splines are piecewise cubic

polynomials that match first and second
derivatives [as well as (X,y,) values]

Californin State [ niversity 17
Northridge
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Cubic Spline Overview

» Have N cubic polynomials, a; + bx + ¢;x2
+ dx3, with end point of 1 polynomial the
start of next, requires N + 1 data points
— Data points numbered 0 to N with

polynomials numbered 1 to N

* Need 4N equations to get N values for
polynomial coefficients: a;, b;, ¢;, and d

« Each polynomial fits data points at ends:
P(Xk-1) = Vi @nd pi(x) =y, k=1, N

Calrforrsi Sate University 18
Northridge
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November 6, 2017

Cubic Spline Overview I

» Have continuity of first and second
derivatives: p,_;'(X,) = P’ (%) and p,.;"(X,)
=P (%)

» Matching data points gives 2N equations
and derivative continuity gives 2N — 2

» Have 4N — 2 equations for 4N unknown
polynomial coefficients

« Different models of end point behavior
used to provide additional 2 equations

Californin State [niversity 19
Northridge

Splines in MATLAB

* Use spline function in MATLAB to get
one or more interpolated points
—xIn is array of y data for spline fit
—ylIn is array of x data for spline fit
— Apply spline to x which can be a single data
point or an array using command below
>> spline(xIn, ylIn, X)
— Generally uses not-a-knot end slopes
* Also has routine unmkpp to get details
~of resulting spline coefficients
Northridge

20

Cubic Spline Interpolation

y value

07

0.6
~ N\

/

_ | \
AR

(o] 1 2 3 4 5 6

X values
_ Results show effect of different
]i}f,",'-'ﬁi",';'i}'i"g{, methods used to treat end points 2

Newton Interpolating Polynomial

5
| /)
o 3 — Polynomial
: oo /|
g - —
>
1t
R
o P N
-1
o 1 2 3 4 5 6
. XValues
- High-order polynomials can
Northridge  give unrealistic fits to data 2

Polynomial Applications

Data interpolation

Approximation functions in numerical
quadrature and solution of ODEs
Basis functions for finite element
methods

» Can obtain equations for numerical
differentiation

Statistical curve fitting (not discussed
here) usually used in practice

Californin State [ niversity 23
Northridge

Derivative Expressions

* Obtain from differentiating interpolation
polynomials or from Taylor series

« Series expansion for f(x) about x = a

2 3
f(x)=f(a) +% (x—a) +%%XI (x-a)? +%ZXI (x-a)°+....
. - A0 0 = @ n
Note: d°f/dx® = f F00 = 1d°f (x-a)"

X=a

and 0! =1 ! dx"

» What is error from truncating series?

24

ME 501A Seminar in Engineering
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Basic Concepts in Numerical Analysis

Truncation Error

« |f we truncate series after m terms

oo1d'f z 1d"f
fO)$F) —— (x-a)"w —— (x-a)"
® HZ:(;n! dx" X:a( ) nzzmn! dx" x:a( )
Terms used  Truncation error, g,

» Use theorem of mean to write truncation
error as single term at unknown
location, &, between x and a

> 1d"f n 1 d™f
1 (X-a) = m+1

(m+1)! dx™

(X _ a)m+l
=

X

Rowileidze &

Derivative Expressions |l

» Combine all definitions for compact
series notation

f(x +khy=f(x) +£ (kh)? +=
dx - ! dx

f="f+ fi‘kh+Lkh)z+Lkh)3+
2 3
» Use this formula to get expansions for
various grid locations about x = x; and
use results to get derivative expressions

1d?f

kh +
2! dx?

X=X

ak .’:|--_|N:|I|-I‘:||nr\'.- 27
Northridge

November

6, 2017

Derivative Expressions

« Look at finite-difference grid with equal
spacing: h = AX so x; = X, + ih

* Taylor series about x = x; gives f(x; + kh)
= flx, + (i+k)h] = f,,, in terms of f(x;) = f;

df 1d°f 1d%f
FOrkn)=100) + o kh ool (k) e ()
« Compact derivative notation
fr_0°f . d'f
i dxz i+k dxn

X=X
26

Northridge

Derivative Expressions lll

» Apply general

. f.,=f+fkh+
equationfork " T 2 3l
=landk=-1

"2 "3
fa="f+fh+ fiz? + f‘; +o. R R
: : fo=f-fh+t————4
2! 3l
Forward
Backward

28

Calbiforni State University
Nnrthlridge

ACOMRNCOR

+

Derivative Expressions IV

* Subtract f,,, and f;, expressions

2 "3
fo=f+fh+ f‘; + f‘; -
. 4 "h2 "3
f=fi- fhe bl BT
2 3
"3 "5
fi,— fi,1:2fi'h+ﬁ+ﬁ+ .....
3 5!
—_— . .w 2 .w" 4 - —_— .
fil — fi+1 fl—l + fl h + fl h — . — f|+1 fl—l +Ah2
2h 3 51 2h

» Result called central difference expression
Cab .’:|--_|N:|I|-I‘:|u‘r\'.- 29
Northridge

Order of the Error

e Forward and backward derivative have
error term that is proportional to h

« Central difference error is proportional
to h?

« Error proportional to h” called n" order

» Reducing step size by a factor of o
reduces nt order error by an

h n
1 30

Calbiforni State University
Nnrthlridge
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Order of the Error Notation

November 6, 2017

» Write the error term for nth error term as
Oo(hm
— Big oh notation, O, denotes order

— Recognizes that factor multiplying h" may
change slightly with h

First ?rderfforward First order backward
fi = MT_i+O(h) f, ot ’hfifl +0(h)

Second order central ¢’ :th”m(hz)
T

ak .’:|--_|N:|I|-I‘:||nr\'.- 31
Northridge

Higher Order Derivatives

+ Add f.,; and f_, expressions; solve for f;

2 "h3
fi. —f+fh+fh f‘h+ ..... W ewa
21 3l . fhe fh
o=f - + I

f,

2 a4 "6
it _2f+2f,h 270 267h°
a 6l

o fat -2 f"h? fi"""h“ _ fatfiy-2f,

=ttt ———..... +

' h? 3 5! h2
« f”is second-order, central difference
expressmn for second derivative

Nl)l‘ll‘ll‘l(lg( %

Higher Order Directional

» We can get higher truncation error
expressions at the expense of more
computations

» Get second order forward and backward
derivative expressions from previous
results and f;,, and f,,, respectively

» Combine f,, and f_, equations with
previous expressions for f,,; and f,; to
eliminate first order error term

ak .’:|--_|N:|I|-I‘:||nr\'.- 33
Northridge

Specific Taylor Series

» General f. (kh)?

" 3
. foo=fi+ fkh+ 1y L2 fi (kn) +
equation

2 3

f.'n? fh3
— f,=f+2fh+d4-—48-1—+
e k=2 + +aA=o

3!
f'h? £
e k=-2 f,="f-2fh+4 _—8 3I+ .....
2 3
k=3 fo=T1+3fh+9 f'h +27 f'; .....
2 3
e k=-3  f,=f-3fh+9 '2h o7 il f-h

Cal .’:|--_|N:|I|-I‘:||nr\'.- 34
Northridge

Second Order Forward

 Subtract 4f,,, from f,,, to eliminate h?
term e
8f, E-%—}

. . h?
fi+2—4fi+1=[fi+2fih+4fi ?4—
3 3
—4{f +fh+f h—+f %+ }:—3f,—2f{h+4f,”%+...

. L h3 Second
fi+2_4fi+1+3fi :_thi +4fi E order
B /' LEerror
ot 430 o
N .

Cabiforni State Unhersity
Nnrthlridge

ME 501A Seminar in Engineering

Analysis

Second Order Backwards

« Add 4f , to —f_, to eliminate h? term

. "hZ h3
- fi,2+4fi,1:—[fi—Zfih+4fi ?—81‘i E-%—}

2 3 3
+4 f—fh+ f,"h—— fl"'h—+.. =3f, —2f,'h+4fl”'h—+...
2 6 6

h? Second

—fi_, +4f,_ —3f, =-2hf, +4f, E “ order
B ,error
f = fi,—4f,+3f; f hi_H
. 2h 3
Catona St Lnyersty / %
Northridge
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Other Derivative Expressions Other Derivative Formulas
+ Can continue in this fashion 3
. —11f, +18f,,, - 9f,, +2f; - h
— Write Taylor series for f,,1, f.q, fiz, fio fiss f, = 20N Ve T ol fi —+
f.5, etc. 2h 3
— Create linear combinations with factors that o 11f, -18f,_ +9f_, -2f_, e h® .
eliminate desired terms P 2h iq
— Eliminate f, term to obtain central difference f -8 +8f 1 he
— Keep only terms in f, with k > i for forward f = it 24 £
difference expressions 2h 30
— Keep only terms in f, with k < i for forward
difference expressions - fi,+16f, 30 +16f, — fi, £ L
— Results in numerical analysis texts/online 12h? 90
N;)i'iil';'lltlllﬁe ¥ N;)i'iil';'lltlllﬁe %
Order of Error Examples Roundoff Error
» Table 1 in online notes shows error in « Possible in derivative expressions from
first derivative for e* around x = 1 subtracting close differences
— Using first- and second-order forward and « Example f(x) = % f(x) ~ (ex*h — ex")/(2h)

second-order central differences and error at x = 1 is (e1+h _ el-h)/(zh) -e
—Steph=0.4,0.2,and 0.1

— Error ratio for doubling step size g o 3.004166-2.722815 , 410000 _f 510 \
* 4.01 to 4.02 for central differences 210 )
1

d ) \Second order* ewor _ ‘~_
« 2.07 to 2.15 for first-order forward differences 27185536702 2. 71,80100139

N

* 4.32 to 4.69 for second-order forward E= -2. 718281828459 A 5x10 K
2{0.0001), oo
Iog('s/ )
e &) _log(e,)~log(e,) _ dlog(e) |2718282]|0028724 [2.71828155660388 _, 10001000 = 0,10
P km(f%) log(h,) —log(h,) dlog(h) e S e 2(0.0000001)
Northridge h * Northridge “
Figure 2-1. Effect of Step Size on Error RIChardson EXtrap0|at|On
o — » Uses finite-difference method with two
3 \ oarauoTt . .
weo Fror Trufication/ step sizes to get improved accuracy
1e03 N\ Dominates Errgr/ « Start with E = F(h) + TE = F(h) + O(h")
_ LlE04 tHnte) / .
5 ieos AN e L 4 — E is exact result
u 1.E06 d n(h) / h . . . . . . .
Leor Const —F(h) is finite difference approximation with
o Roundoft = / step size h |
1810 Etror Starts N\ \#/ — Truncation error, TE, is O(h")
1’5111]317 1E15 1E13 1E11 1.E09 1E07 1.E05 1E03 1E01 - ACtua“y have an Inflnlte Serles for error
- h"(d"f = h"(d"f z
Step Size =— = J— = K
Caltforria State Uniyersity " Caltforrsa State Lnfversity TE n! [ dx" j . ; n! ( dx" ] ;Akh 2
Northridge Northridge x=¢ x-a

ME 501A Seminar in Engineering
Analysis Page 7
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Richardson Extrapolation Il
» Look at evaluating error with two step

sizes, h and kh

— Exact value will not change

— Create sum to display first err_o_r_term
E=F(h)+TE=F(h)+ ZA“hm =

+'Anh"H- > AN
E=F(kh)+TE=---= F(kh)+lAn (kh)' ZAm (kh)"

m=n+1
_____

— Multiply first equation by k" and subtract the
second equation to eliminate the A, term

K"E—E = k"F(h)—F(kh)Wo

May be hn%

Northridge

November 6, 2017

Richardson Extrapolation Ill
« Solve equation from previous slide for E
K"E - E =k"F(h)-F (kh)+0(h"*)

k"F(h)-F(kh s s
F(kn),lF( )+ o(n)=Re+ofr™)

» The formula for the Richardson extrapo-
lation, RE, has a higher order of the error
— Truncation error for RE shown below

E=

- = m Bm =
k"> AN =Y A () K" k™
TE = k=n+1 k=n+1 — B h™
k"1 k; m kiog
Rorihidge g

Richardson Extrapolation IV

» What does this mean?
k"F(h)-F(kh)
k"-1

 E is the exact result, F(h) is a finite
difference result with step size h
— If we have two nth-order finite difference
results, with two step sizes h and kh, we
can use this formula to get an improved
result with an error order of n + 1 (or higher
if the error term has every other power of h)

E= +0(h™*)=RE+0(h"*)

45

Cabiforni State Unhersity
Nnrthlridge

Richardson Extrapolation V

« Richardson extrapolation for forward
dcos(x)/dxatx=1andh=0.1& h=0.2
—What are k and n? k=h,/h; =2;n=order=1

! 1

o fa— 1 k"F(h)-F(kh)
fr=—t +O(h) :RE_W_ :

! 1

fo(h=0.1)= C0D=CoS) _ 4 aez061g E21(—0.86706)——0.88972:
' 21 .

f'(h=02)= w =-0.8897228 :L =-0.84440093

« Extrapolation closer to correct value of
. deos(x)/dx],-, = —sin(1) = -0.84147098
Nl)l‘thl‘l(lg(

46

Richardson Extrapolation VI

* Richardson extrapolation for central
dcos(x)/dxatx=1and h=0.1& h=0.2
—What are k and n? k=h,/h; =2;n=order=2

! 1
-_ f|+1 fiy ! 7w _ !
fi'= 2h +O(h ) i RE = o) =
1
f'(h=0.1)= cosl1.1)—cos(0.9) _ ~0.84006922" (- 0.84007)——0.83587'!
2(0.1) i T 1 !
1
frh=02) C0502)-C0S08)  oocenrs  — 0841468 |
2(02) i S

» Extrapolation closer to correct value of
, deos(x)/dx],, = —sin(1) = -0.84147098
Nl)l‘thl‘l(lg(

47
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